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In 1924 Bose,' undertaking to deal statistically with "light quanta," hit upon a method of using generalized coordinates which enabled him to derive the Planck law of black-body radiation without making use, as others had done, of conceptions taken from the classical mechanics. Einstein,2 adopting the Bose statistical method, applied it to the discussion of quantization of energy in an ideal monatomic gas, and the consequent degeneration [Entartung] of the gas-that is, the degree of its departure from the classical gas-laws. He reached the following conclusion: "The mean energy of the gas molecules (as well as the pressure) at the temperature is therefore always less than the classical value."
In 1926 Fermi3 attacked the same problem that Einstein had discussed.
He used the same general statistical method that Bose had invented but introduced in its application a certain limiting assumption, with the following explanation: "Now a short time ago the rule was proposed by Pauli4. . . that when in an atom an electron exists the quantum numbers of which (the magnetic quantum number included) have definite values, there can be in the atom no other electron whose path is characterized by the same numbers. In other words, a quantum orbit (in an external magnetic field) is already completely occupied by a single electron." "Since this rule of Pauli has proved extremely fruitful in the explanation of spectroscopic facts, we propose to inquire whether it is not also of some use for the problem of the quantization of ideal gases." "We shall therefore in what follows assume that at most one molecule with given quantum numbers can exist in our gas; as quantum numbers not only those here come into consideration which belong to the internal motions of the molecule but also those which determine its motion of translation."
It will, I think, be generally admitted that, granting the truth of the Pauli principle as applied to the relatively few, evidently related electrons within a single atom, the extension of this principle to all the particles in even one gram-molecule, 6 Direct experiment upon gases at low temperatures cannot at present decide between the claims of the two theories. Preference for one theory or the other must be justified on other grounds, and in this connection we come upon the name of Dirac. In fact, Sommerfeld brackets this name with that of Fermi in his reference to the statistics, or to the assumption, in question. Dirac's paper6 contains in §4 a "Theory of the Ideal Gas," applying thereto the method of wave-mechanics, to which the term eigenfunction belongs. I make no pretense of having sounded the depths of its mathematical processes. But the logic of the following passage, the most significant one in the paper for our present discussion, is not difficult to follow, though I think the author must have been surprised to find how much importance has been attached to its final sentence: "We must now make the assumption that all stationary states of the assembly (each represented by one eigenfunction) have the same a priori probability. If now we adopt the solution of the problem that involves symmetrical eigenfunctions, we should find that all values for the number of molecules associated with any wave have the same a priori probability, which gives the Einstein-Bose statistical mechanics. On the other hand, we should obtain a different statistical mechanics if we adopted the solution with anti-symmetrical eigenfunctions, as we should then have either 0 or 1 molecules associated with each wave. The solution with symmetrical eigenfunctions must be the correct one when applied to light quanta, since it is known that the Einstein-Bose statistical mechanics leads to Planck's law of black-body radiation. The solution with anti-symmetrical functions, though, is probably the correct one for gas molecules, since it is known to be the correct one for electrons in an atom, and one would expect molecules to resemble electrons more closely than light-quanta." This is the whole, I believe, of Dirac's argument in favor of extending the Pauli "equivalence principle," or exclusion principle, from the few electrons of a single atom to the countless molecules of any body of gas no matter how great. Is this argument conclusive? Does it, for one who ponders, even raise a presumption in favor of the proposition advanced so casually by the author? It may be that a molecule resembles an electron more than it resembles a light-quantum; but is it true that an extended gas, with countless trillions of molecules, resembles the group of electrons within a single atom more closely than it resembles an extended radiation space filled with light quanta? Sommerfeld himself, though in his Naturwissenschaften paper of last October he seems disposed to accept the Fermi proposition without qualification, merely calling it "bold" and its physical cause "volling undurchsichtig," in his more extended, recent statement7 of his conduction theory says, on page 5, "Whether the extension, proposed by Fermi, of his statistics to the ordinary, electrically neutral gas is legitimate appears doubtful."
This statement casts as much doubt upon the authority of Dirac as upon that of Fermi, and it thus seems to weaken the very foundation upon which Sommerfeld has constructed his whole electron-theory of metals. There remains, however, Pauli as a support, whose admittedly successful application of the "equivalence principle" to certain atoms has been supplemented by whatever measure of success has attended his application of the Fermi statistics to the problem of paramagnetism.
How great has this success been? Sommerfeld begins the recently published account of his theory with this statement: "W. Pauli8 has shown that the electron-gas of the Drude theory of metals is highly degenerated in the sense of the Fermi statistics, and could from this explain quantitatively the hitherto puzzling, of-temperature-independent, paramagnetism of the alkalies." This seems to me to go somewhat beyond the claims made by Pauli himself in the paper referred to.
Pauli in the early part of his paper discusses at considerable length the question whether the Bose-Einstein or the Fermi statistics should be assumed to hold among the free conduction-electrons of a metal, which he takes to be identical with the valence electrons. He refers to papers9
by Heisenberg, who applies quantum mechanics to "systems which consist of several exactly similar particles" and finds that more than one solution will satisfy the mathematical conditions of his problem. I now quote Pauli: "By only one of these solutions.. . . is the 'equivalence rule' fulfilled, and it can be regarded as empirically certain that only this solution is realized in nature." This last statement appears very sweep-
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ing, but what immediately follows shows that what Pauli has in mind as "empirically certain" is merely the success of his equivalence principle within the atom.'0 For he continues thus: "(Especially ni He, through rejection of the second solution, is explanation found of the fact that the total magnetic moment, in the normal condition, of the He atom vanishes.) It is thus proved that the quantum-mechanics is not in conflict with the equivalence rule. On the other hand, for this special selection among the solutions of the quantum-mechanics equations and so, too, for the equivalence rule, a satisfactory theoretical ground is still lacking."
Pauli goes on for about a page further to argue the question as to the relative merits, for his problem, of the two opposed statistics, the BoseEinstein system and the Fermi system, without finding any conclusive answer. But he finally decides to try the latter.
He now, page 85, states his problem thus: "In what follows it will be especially sought to show how on the ground of this mode of statistics the fact that many metals are diamagnetic or only very weakly paramagnetic can be brought into harmony with the existence of a magnetic moment of the electron. Herein the conduction-electrons in the metals considered will be treated as an ideal gas-that is, the forces which act upon the conduction-electrons will be disregarded. This is certainly a gross approximation and must be replaced by a more exact model of the metals; it is, nevertheless, not improbable that the here-offered attempt at an explanation, at least as regards the qualitative side of the phenomenon, approaches the correct one."
On The concluding paragraph of his paper is this: "More than agreement in order of magnitude is, with the provisional character of the ideal gas model for the conduction-electrons in the metal, not to be expected. Especially for a theory of the gradual going over-of the susceptibility, in melting and evaporation of the metal, into the values calculated according to the Curie law (independence of the sodium atoms as to each other), it will be necessary to take account of the forces acting on the valence electrons."
It would certainly be unfair to say that Pauli's application of the Fermi statistics to the problem of paramagnetism has failed. But, on the other hand, one may seriously ask whether its success has been striking enough and extensive enough to establish beyond doubt the essentially improbable and admittedly mysterious fundamental hypothesis of the Fermi statistics. When we recall the fact Sommerfeld has recently expressed'doubt as to the validity of this hypothesis-in the case of electrically neutral gases, and -the further fact that Einstein has given a statistical treatment of the ideal gas problem which meets the matheematical requirements of the case without using the Fermi hypothesis, we are surely justified in holding that the Fermi statistics is still on trial and that its fate must-depend very much on the degree of success which may attend the effort of Sommerfeld to base upon it an electron-theory of metals.
Sommerfeld's-theory is based upon the Fermi statistical mechanics and must, I believe, stand or fall with the fundamental postulate of Fermi's argument, the extension of Pauli's "equivalence principle" to all the molecules of a monatomic ideal gas, no matter how numerous these molecules may be. I have dealt with this postulate especially in another paper printed in this issue of these PROCIIZDINGS.
The paper or papers which I shall here discuss may be found in the Zeitschrift far Physik, volume 47, February, 1928, pp. 1-60.
Pressure and Kinetic Energy of the "Electron-Gas."-Taking silver as an example and assuming the particles of his conduction "electron-gas" to be equally numerous with the atoms of the metal, Sommerfeld, on page 15, finds as the pressure of this gas at the absolute zero of temperature, 200,000 atmospheres. The corresponding kinetic energy of the gas per unit volume of the metal is 3 X 1011 ergs, and dividing this amount by 5.9 X 1022, the number of silver atoms, and so by Sommerfeld's hy-
